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Intreduction

Generative Aduersarial Metwerks are netoricusly unstakle and hard to train. Researchers
have toe employ a variety of tricks te make the aduersarial training cenverge, constantly
kBattling issues such as moede collapse and training divergence. Fortunately for us, mhen it
comes to Generative Compression Metmworks (GCH], the aduersarial training seems to be on
its best behavieur, causing much less troukle. Many tricks that are absclutely necessary for
training GANs are net required in the compression pipeline, For example, me never chserved
amoede collapse, cur GCMNs train withoeut gradient penalty, we don't need 1o add noise te cur
input samples 1o the decoder, and previcus experiments indicate that pre-training of
encoeder-decoeder is net necessarny for getting stakle discriminater training. Recently in the
visual-less tearm, we aimm 1o understand hoew exactly sur pipeline differs from standard GAMNs,
mhat it rmeans in terms of stakility and cenvergence and why traditicnal GAN technigues are

sften net applicakle.

One shuicus difference is that in GCR, By nature of compressien, we always have access to
the ground truth image that we aim toe generate. That allews us to use pixelnise distorticn
lesses in generator (encoder-decoder) training. In this bleg post, e look at a toy example of
GAN, examine the conditicons of its convergence and discuss how cur specific loss

functicn impacts convergence,



Convergence of GANs

In terms of game theory, we can think of GAN training as a two-player non-cooperative
game. The first player is a generator Gg(z) with parameters 0 that wants to maximize its
payoff g(f, v), the second player is a discriminator D, (x), with parameters 1 that aims to
maximize d(0, ¢). The game is at a Nash equilibrium at (6, ¢ ) when neither player can
improve its payoff by changing its parameters slightly. When GAN reaches a Nash
equilibrium, we can say that it reached local convergence.

One methed to train a GAN is to use a Simultaneous Gradient Descent, which can be
thought of as a fixed point algorithm that applies an operator F(B, 1,b) to the parameters of
the generator and discriminator (6, 1)) respectively:

F(0,9) = (0,9) + hv(6, 9),
where h is a learning rate and v(6, 1) is the Jacobian of L, our gradient:
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[2] demonstrates that the convergence near an equilibrium point (68, /™) can be assessed
by looking at the spectrum of Jacobian of our update operator F}, (6, 1) at the point

(0%, 4%):

« If all eigenvalues have absolute value less than 1, the system converges to
(8", ™) with a linear rate (our desired case).

« If there are any eigenvalues with absolute values greater than 1, the system
diverges.

« If all eigenvalues have an absolute value equal to 1 (lie on the unit circle), it can be
convergent, divergent or neither, but if it is convergent, it will generally converge
with a sublinear rate.

For detailed proof of why eigenvalues need to lie in a unit circle, see [4] proposition 4.4.1, page

226, This condition directly translates to the eigenvalues of the Jacokian of the gradient V

F(0,4) = (0,9) + hv(0, )
F'(0,) = I+ hv'(6, )
and therefore, the eigenvalues of the jacobian of our update operator F' are:
A=T1+hu

where p are the eigenvalues of the jacobian of the gradient vector field v. From here, it is

trivial to show that for a positive h, |A| < 1 is only the case when u has a negative real part.

More specifically:



. If all eigenvalues have negative real-part, the system cohverges with a linear convergence
rate (with a small encugh learning rate).
. If there are eigenvalues with positive real-part, the system diverges.

. If all eigenvalues have zere real-part, it can be convergent, divergent or neither, butifitis

convergent, it will generally converge with a suklinear rate.

In fact, for a GAMN with positive real parts te converge, we weuld reguire s negative step size,

which is impossikle since cur N is always akouve 0.

Intuitively we can understand this reguirerment if we think of GAN updates as a fixed point
iteraticn. Thenwe can think of the up-dates as the Euler discretization of the first-order QODE

<f the gradient vector:

dL(B)

T v(L(B))

Where 3 represents our parameters. The Euler step (with step size h) becomes:

BEFY = B + ho(L(B))

This means that our convergence analysis is, in fact, an analysis of the critical points, nodes
and saddle points of the ODE. We can then visualise the behaviour of the system by
plotting U(G, 1,[1) as a collection of arrows with a given magnitude and direction, each
attached to a point (9, t,[;). Figure 1 visually shows how the behaviour of the system
changes depending on the eigenvalues of the Jacobian of v(f, ). Subplot c)
demonstrates what it means to have negative real values and zero imaginary values, which
would be the ideal case for the convergence of our fixed point.
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Figure 1. Classificaticn of critical points of 2 2D vector field according
tesigerualues. R1, R2 dencte the real parts of the eigenualues of
the Jacokianmatrixand I1 . I2 -theimaginar parts. The figure
was modified from Figuralin [S],

Having the criteria for convergence and a teol to visualise the behavicur ina 20 case, we
can start the analysis of GAN maedels. Te analyse the behavieur of different training metheds

and visualise the findings, the authars in [ propose te look at a toy example called Dirac
SAM.

Dirac-GAR

The Dirac-GAN consists of a (univariate) generator distribution py = dy and a linear
discriminator ng(:c) = tpx. The true data distribution pp is given by a Dirac-distribution
concentrated at 0.

Therefere, under this fermulaticn, koeth the discriminator and the generater has exactly one parameter. This simplicity allemws us to

easily plet the vector field for the GAMN ina 20 space For a great explanation of vector fields and convergence of GAMNs, check cut
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The nen-saturated GAN generator less is:

maéx L(@, Y) = f( - %W)
where f(t) = — log(1 + e ~"). The discriminator loss is:

me:.é,x L(0,4) = f(¥f) — const

The gradient vector is then:


https://www.inference.vc/
https://www.inference.vc/my-notes-on-the-numerics-of-gans/

The system has a unique equilibrium point of the training objective, at point

(0,v) = (0, 0). Indeed, since f(0) = const, L(0,0) = L(0, ¢) = const for all
6,1 € R. Therefore (6*,%") = (0, 0) is a Nash-equilibrium. Now, assuming that
f(0) # 0 we have that v(@, ¢) = Oonlyif 8 = ¢ = 0.

Now we can analyse the convergence of the Dirac-GAN around the equilibrium point
(8*,4*) = (0, 0) by calculating the Jacobian of the gradient vector field at the equilibrium

point:
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which has two eigenvalues, + f’(0)i, which are both on the imaginary axis. This means
that the model is not convergent with a linear rate, as it has zero real parts and we expect to
see a circular vector field.

We can visualise the training behaviour of Dirac-GAN by plotting the vector fields for the
gradient v and the current state of the system. Figure 2 demonstrates the training behaviour
of Dirac-GAN with non-saturating GAN loss in the first 500 steps. The left panes show the
gradient vector field of Dirac-GAN (arrows) and the current state of the parameters in

blue. An error starting at a given point (6, 1)) shows the value of the gradient v(6, ) at that
point. The right panel shows the ground-truth value of the generator parameter #* = 0 in
green and the current value of the learned @ in blue. The orange line represents the angle of
the gradient. Dirac GAN with non-saturating loss converges very slowly, with a non-linear
rate.

Figure 2. Training behaviours of Dirac-GAN with the non-saturating loss. Left: Vector field and the training state
of the system visualise for 500 steps. The starting position is marked in red. Right: Current value of the
generator parameter . The green line indicated the value of the gt parameter §* = 0, and the blue line shows
the estimated 6. The orange line shows the current angle of the gradient.

Rdding MSE

Ak-cuve e ook at the nen-saturating GAN less, used in standard generative moedelling. Mo,

let us leck at what happens ohee we adapt this to GCN less, by adding MSE to the loss for the

generator parameters 0 . The discriminater loss stays the same, but the generator loss

becomes:



max L(0,¢) = f(—40) — (0 - 6)°

The gradient vector field now has an additional — 26 term is the @ partial derivative:
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The Jacobian of the vector field becomes:
. [ =2 —=f(0)
(0.0 [f’(ﬂ) 0 }

And eigenvalues of the Jacobian of the gradient vector field at the equilibrium point is

—14,/1 — f'(0), both of which have negative real parts and 0 imaginary parts, which

means that the system should be locally convergent around (0, O). The lack of imaginary
parts means that there should not be any circular non-convergent behaviour in the gradient
vector field. If we now run the Dirac GAN training with this updated generator loss
function, we should see convergence and attracting gradient field if the theory matches the
practical results. We demonstrate the results in Figure 3.

Figure 3. Training behaviours of Dirac-GAN with the non-saturating loss and added MSE. Left: Vector field and
the training state of the system visualise for 500 steps. The starting position is marked in red. Right: Current
value of the generator parameter . The green line indicated the value of the gt parameter 8* = 0, and the blue
line shows the estimated 6. The orange line shows the current angle of the gradient.

Uanilla GANIl¢ss

We canrepeat the analysis for the vanilla GAN [ss functicn. The gradient vector is then:

)

v(6:9) = [ 6f (v9)

As before, the system has a unique equilibrium point of the training objective at the point

@*,97) = (0,0).

The Jacobian of the gradient vector field at the equilibrium point:

_ £ 2 _ g _ g
o (6,9) _[ f(O9)y f'(64) — f (ew;)ewl,

F'(O) + f7 (09) 6 £ (6)62

0 f’(U)}



which has two eigenvalues, £+ f'(O)i, which are both on the imaginary axis. This means
that the model is not convergent as it has zero real parts and we expect to see a circular
vector field. Figure 4 demonstrates that Dirac-GAN with vanilla GAN loss is divergent
around the equilibrium (0, 0).

Figure 4. Training behaviours of Dirac-GAN. Left: Vector field and the training state of the system visualise for
500 steps. The starting position is marked in red.  Right: Current value of the generator parameter 6. The green
line indicated the value of the gt parameter 0 = 0, and the blue line shows the estimated 0. The orange line
shows the current angle of the gradient.

However, for similar reasons as above, the behaviour completely changes once we add the
MSE component to the generator loss. The gradient vector field now has an additional — 20
term in the @ partial derivative:

— f(y0) - 29]
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The Jacobian of the vector field becomes:
, [ -2 —=f(0)
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And, just like in the case of non-saturating loss, eigenvalues of the Jacobian of the gradient

vector field at the equilibrium point are —1 £ , /1 — f7(0).

Figure 5. Training behaviours of Dirac-GAN with added MSE. Left: Vector field and the training state of the
system visualise for 500 steps. The starting position is marked in red. Right: Current value of the generator
parameter 0. The green line indicated the value of the gt parameter 8* = 0, and the blue line shows the
estimated 0.

The orange line shows the current angle of the gradient.

This analysis shoews that adding MSE has the same impact as gradient regularisaticn and
instance neise, which alse remaoeve the circular behavicurs in the gradient field and foroe the
hegative real part in the eigenvalues. This weuld explainwhy these scluticns were net

impactful when applied te GCHs.

Ceonclusich

Adding MSE less for the generator parameter completely changes the training behavicur of
the systern, making it cenverge and de it fast. Meaning that MSE loss acts as a
regulariser. This can potentially explain why cur GCRs, which are always trained with MSE

compenents in the less, show much better convergence than standard GANs.
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Comments

Chris Finlay Research Scientist
Jul 22,2021 (10:53) 2 Edit % @2 ®»O0
Very well written article! That analysis is really nice.

| think, further to our discussion in yesterday's group meeting, you could get away with
replacing MSE || — y||* with any coercive function g(, v/). Coercive just means that
you can always bound the function below by a quadratic "bowl":

g(z,y) = M|z — y||*

for some M > 0. This is kinda the extension of positive definite-ness from linear
algebra to functions.

Then, you can always bound the eigenvalues of your ODE system by the eigenvalues
of the MSE system (where now you're adding in M ||z — yH2 instead of the usual

|z — y|[%). So the general case, with a coercive function, boils down to the MSE
analysis you've already done (&

To keep the eigenvalues real, you might also need to have an upper bound

g(z,y) < N||z — y||% but I'm not sure exactly how that'll play out.

Some functions that are coercive:

-- any metric (I think)

-- bilinear forms <x-y, A (x-y) > where A is positive definite. So eg distortion metrics like
distance in Fourier space or Wavelet space are coercive.

But LPIPS | think is not, because | think there are scenarios where LPIPS(x,y) = 0 even
when x!=y (I think, could be wrong on this)
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